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1 Preliminaries

Throughout, we denote by c a constant independent of h (defined later) and
of the angles and aspect ratios of simplices unless specified otherwise, and
all constants c are bounded if the maximum angle is bounded. These values
may change in each context. The notation R+ denotes the set of positive real
numbers.

1.1 Continuous problems

Let Ω ⊂ Rd, d ∈ {2, 3} be a bounded polyhedral domain. Furthermore, we
assume that Ω is convex if necessary. The Poisson problem is to find u : Ω → R
such that

−∆u = f in Ω, u = 0 on ∂Ω, (1.1)
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where f ∈ L2(Ω) is a given function. The variational formulation for the
Poisson equations (1.1) is as follows. Find u ∈ H1

0 (Ω) such that

a(u, φ) :=

∫
Ω

∇u · ∇φdx =

∫
Ω

fφdx ∀φ ∈ H1
0 (Ω). (1.2)

By the Lax–Milgram lemma, there exists a unique solution u ∈ H1
0 (Ω) for any

f ∈ L2(Ω) and it holds that

|u|H1(Ω) ≤ CP (Ω)‖f‖,

where CP (Ω) is the Poincaré constant depending on Ω. Furthermore, if Ω is
convex, then u ∈ H2(Ω) and

|u|H2(Ω) ≤ ‖∆u‖. (1.3)

The proof can be found in, for example, [29, Theorem 3.1.1.2, Theorem 3.2.1.2].

1.2 Meshes, mesh faces, averages and jumps

Let Th = {T} be a simplicial mesh of Ω made up of closed d-simplices such as
Ω =

⋃
T∈Th

T with h := maxT∈Th
hT , where hT := diam(T ). For simplicity,

we assume that Th is conformal: that is, Th is a simplicial mesh of Ω without
hanging nodes.

Let F i
h be the set of interior faces and F∂

h the set of the faces on the
boundary ∂Ω. We set Fh := F i

h ∪ F∂
h . For any F ∈ Fh, we define the unit

normal nF to F as follows. (i) If F ∈ F i
h with F = T1 ∩ T2, T1, T2 ∈ Th, let

n1 and n2 be the outward unit normals of T1 and T2, respectively. Then, nF
is either of {n1, n2}; (ii) If F ∈ F∂

h , nF is the unit outward normal n to ∂Ω.
For a simplex T ⊂ Rd, let FT be the collection of the faces of T .

Here, we consider Rq-valued functions for some q ∈ N. We define a broken
(piecewise) Hilbert space as

Hm(Th)
q := {v ∈ L2(Ω)q : v|T ∈ H1(T )q ∀T ∈ Th}, m ∈ N

with a norm

|v|Hm(Th)q :=

(∑
T∈Th

|v|2Hm(T )q

) 1
2

.

When q = 1, we denote Hm(Th) := Hm(Th)
1. Let φ ∈ H1(Th). Suppose that

F ∈ F i
h with F = T1 ∩ T2, T1, T2 ∈ Th. Set φ1 := φ|T1

and φ2 := φ|T2
. Set

two nonnegative real numbers ωT1,F and ωT2,F such that

ωT1,F + ωT2,F = 1.

The jump and the skew-weighted average of φ across F is then defined as

[[φ]] := [[φ]]F := φ1 − φ2, {{φ}}ω := {{φ}}ω,F := ωT2,Fφ1 + ωT1,Fφ2.
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For a boundary face F ∈ F∂
h with F = ∂T ∩ ∂Ω, [[φ]]F := φ|T and {{φ}}ω :=

φ|T . For any v ∈ H1(Th)
d, we use the notation

[[v · n]] := [[v · n]]F := v1 · n1 + v2 · n2, {{v}}ω := {{v}}ω,F := ωT1,F v1 + ωT2,F v2,

[[v]] := [[v]]F := v1 − v2,

for the jump of the normal component of v, the weighted average of v, and
the junp of v. For F ∈ Fh, [[v · n]] := v · n, {{v}}ω := v and [[v]] :=, where n is
the outward normal.

We define a broken gradient operator as follows. For φ ∈ H1(Th), the
broken gradient ∇h : H1(Th) → L2(Ω)d is defined by

(∇hφ)|T := ∇(φ|T ) ∀T ∈ Th.

1.3 Penalty parameters and energy norms

The following trace inequality on anisotropic meshes is significant in this study.
Some references can be found for the proof. Here, we follow Ern and Guermond
[24, Lemma 12.15].

Lemma 1 (Trace inequality) Let T ⊂ Rd be a simplex. There exists a
positive constant c such that for any φ ∈ H1(T ), F ∈ FT , and h,

‖φ‖L2(F ) ≤ cℓ
− 1

2

T,F

(
‖φ‖L2(T ) + h

1
2

T ‖φ‖
1
2

L2(T )|φ|
1
2

H1(T )

)
, (1.4)

where ℓT,F := d!|T |d
|F |d−1

denotes the distance of the vertex of T opposite to F

to the face. Furthermore, there exists a positive constant c such that for any
v = (v(1), . . . , v(d))T ∈ H1(T )d, F ∈ FT , and h,

‖v‖L2(F )d ≤ cℓ
− 1

2

T,F

(
‖v‖L2(T )d + h

1
2

T ‖v‖
1
2

L2(T )d
|v|

1
2

H1(T )d

)
, (1.5)

Proof A proof is found in [34, Lemma 1]. ut

Deriving an appropriate penalty term is essential in discontinuous Galerkin
methods (dG) on anisotropic meshes. The use of weighted averages gives robust
dG schemes for various problems; see [21,34,46]. For any v ∈ H1(Th)

d and
φ ∈ H1(Th),

[[((vφ) · n]]F = {{v}}ω,F · nF [[φ]]F + [[v · n]]F {{φ}}ω,F . (1.6)

For example, if u ∈ H1
0 (Ω)∩W 2,1(Ω), setting v := −∇u, we have [[v ·n]]F = 0

for all F ∈ F i
h, see [46, Lemma 4.3]. Using the trace (Lemma 1) and the
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Hölder inequalities, the weighted average gives the following estimate for the
term {{v}}ω,F · nF [[φ]]F .∫

F

|{{v}}ω,F · nF [[φ]]F | ds

≤ chβ
(
‖v|T1

‖2H1(T1)d
+ ‖v|T2

‖2H1(T2)d

) 1
2

×
(
h−2βω2

T1,F ℓT1,F
−1 + h−2βω2

T2,F ℓT2,F
−1
) 1

2 ‖[[φ]]‖L2(F ) , (1.7)

where ℓT1,F and ℓT2,F are defined in the inequality (1.5). The weights ωT1,F ,
ωT2,F and β are nonnegative real numbers chosen latter on. A choice for the
weighted parameters is such that for F ∈ F i

h with F = T1 ∩ T2, T1, T2 ∈ Th,

ωTi,F :=

√
ℓTi,F√

ℓT1,F +
√
ℓT2,F

, i = 1, 2. (1.8)

Then, the associated penalty parameter is defined as

2h−2β

(
√
ℓT1,F +

√
ℓT2,F )

2
. (1.9)

Let F ∈ F i
h with F = T1 ∩ T2, T1, T2 ∈ Th be an interior face and F ∈ F∂

h

with F = ∂T∂ ∩ ∂Ω, T∂ ∈ Th a boundary face. A new penalty parameter κF
for the WOPSIP method is defined as follows using (1.9) with β = 1.

κF :=

h−2
(√

ℓT1,F +
√
ℓT2,F

)−2

if F ∈ F i
h,

h−2ℓ−1
T∂ ,F

if F ∈ F∂
h .

(1.10)

For the RSIP method and the discrete Poincaré inequality, we use the following
parameter.

κF∗ :=


(√

ℓT1,F +
√
ℓT2,F

)−2

if F ∈ F i
h,

ℓ−1
T∂ ,F

if F ∈ F∂
h .

(1.11)

For any F ∈ Fh, we define the L2-projection Π0
F : L2(F ) → P0(F ) by∫

F

(Π0
Fφ− φ)ds = 0 ∀φ ∈ L2(F ).

We then define the following norms for any v ∈ H1(Th).

|v|wop :=
(
|v|2H1(Th)

+ |v|2jwop

) 1
2

with the jump seminorm

|v|jwop :=

( ∑
F∈Fh

κF ‖Π0
F [[v]]‖2L2(F )

) 1
2
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and κF defined as in (1.10);

|v|rdg :=
(
|v|2H1(Th)

+ |v|2jrdg
) 1

2

with

|v|jrdg :=

( ∑
F∈Fh

κF∗‖Π0
F [[v]]‖2L2(F )

) 1
2

and κF∗ defined as in (1.11). For any v ∈ H1(Th), |v|jrdg ≤ |v|jwop for h ≤ 1.
The norm | · |wop is used for analysis of the WOPSIP method, while the norm
| · |rdg is used for analysis of the RSIP method and the discrete Poincaré
inequality (Lemma 6).

Furthermore, for any k ∈ N0, let Pk(T ) and Pk(F ) be spaces of polynomials
with degree at most k in T and F , respectively.

1.4 Edge characterisation on a simplex, a geometric parameter, and a
condition

We impose edge characterisation on a simplex to analyse anisotropic error
estimates.

1.4.1 Reference elements

We now define the reference elements T̂ ⊂ Rd.

Two-dimensional case

Let T̂ ⊂ R2 be a reference triangle with vertices p̂1 := (0, 0)T , p̂2 := (1, 0)T ,
and p̂3 := (0, 1)T .

Three-dimensional case

In the three-dimensional case, we consider the following two cases: (i) and (ii);
see Condition 2.

Let T̂1 and T̂2 be reference tetrahedra with the following vertices:

(i) T̂1 has vertices p̂1 := (0, 0, 0)T , p̂2 := (1, 0, 0)T , p̂3 := (0, 1, 0)T , and p̂4 :=
(0, 0, 1)T ;

(ii) T̂2 has vertices p̂1 := (0, 0, 0)T , p̂2 := (1, 0, 0)T , p̂3 := (1, 1, 0)T , and
p̂4 := (0, 0, 1)T .

Therefore, we set T̂ ∈ {T̂1, T̂2}. Note that the case (i) is called the regular
vertex property, see [2].
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1.4.2 Affine mappings

We introduced a new strategy proposed in [39, Section 2] to use anisotropic

mesh partitions. We construct two affine simplex T̃ ⊂ Rd, we construct two
affine mappings ΦT̃ : T̂ → T̃ and ΦT : T̃ → T . First, we define the affine

mapping ΦT̃ : T̂ → T̃ as

ΦT̃ : T̂ 3 x̂ 7→ x̃ := ΦT̃ (x̂) := AT̃ x̂ ∈ T̃ , (1.12)

where AT̃ ∈ Rd×d is an invertible matrix. Section 1.4.3 provides the details.

We then define the affine mapping ΦT : T̃ → T as follows:

ΦT : T̃ 3 x̃ 7→ x := ΦT (x̃) := AT x̃+ bT ∈ T, (1.13)

where bT ∈ Rd is a vector and AT ∈ O(d) is the rotation and mirror imaging
matrix. Section 1.4.4 provides the details. We define the affine mapping Φ :
T̂ → T as

Φ := ΦT ◦ ΦT̃ : T̂ 3 x̂ 7→ x := Φ(x̂) = (ΦT ◦ ΦT̃ )(x̂) = Ax̂+ bT ∈ T,

where A := ATAT̃ ∈ Rd×d.

1.4.3 Construct mapping ΦT̃ : T̂ → T̃

We consider affine mapping (1.12). We define the matrix AT̃ ∈ Rd×d as follows:
We first define the diagonal matrix as

Â := diag(h1, . . . , hd), hi ∈ R+ ∀i, (1.14)

where R+ denotes the set of positive real numbers.

For d = 2, we define the regular matrix Ã ∈ R2×2 as:

Ã :=

(
1 s
0 t

)
, (1.15)

with parameters

s2 + t2 = 1, t > 0.

For reference element T̂ , let T(2) be a family of triangles.

T̃ = ΦT̃ (T̂ ) = AT̃ (T̂ ), AT̃ := ÃÂ

with vertices p̃1 := (0, 0)T , p̃2 := (h1, 0)
T , and p̃3 := (h2s, h2t)

T . Then, h1 =
|p̃1 − p̃2|> 0 and h2 = |p̃1 − p̃3|> 0.

For d = 3, we define the regular matrices Ã1, Ã2 ∈ R3×3 as

Ã1 :=

1 s1 s21
0 t1 s22
0 0 t2

 , Ã2 :=

1 −s1 s21
0 t1 s22
0 0 t2

 (1.16)
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with parameters{
s21 + t21 = 1, s1> 0, t1> 0, h2s1 ≤ h1/2,

s221 + s222 + t22 = 1, t2> 0, h3s21 ≤ h1/2.

Therefore, we set Ã ∈ {Ã1, Ã2}. For the reference elements T̂i, i = 1, 2, let

T
(3)
i and i = 1, 2 be a family of tetrahedra.

T̃i = ΦT̃i
(T̂i) = AT̃i

(T̂i), AT̃i
:= ÃiÂ, i = 1, 2,

with vertices

p̃1 := (0, 0, 0)T , p̃2 := (h1, 0, 0)
T , p̃4 := (h3s21, h3s22, h3t2)

T ,{
p̃3 := (h2s1, h2t1, 0)

T for case (i),

p̃3 := (h1 − h2s1, h2t1, 0)
T for case (ii).

Subsequently, h1 = |p̃1 − p̃2|> 0, h3 = |p̃1 − p̃4|> 0, and

h2 =

{
|p̃1 − p̃3|> 0 for case (i),

|p̃2 − p̃3|> 0 for case (ii).

1.4.4 Construct mapping ΦT : T̃ → T

We determine the affine mapping (1.13) as follows: Let T ∈ Th have vertices
pi (i = 1, . . . , d+1). Let bT ∈ Rd be the vector and AT ∈ O(d) be the rotation
and mirror imaging matrix such that

pi = ΦT (p̃i) = AT p̃i + bT , i ∈ {1, . . . , d+ 1},

where the vertices pi (i = 1, . . . , d+ 1) satisfy the following conditions:

Condition 1 (Case in which d = 2) Let T ∈ Th with the vertices pi (i =
1, . . . , 3). We assume that p2p3 is the longest edge of T ; i.e., hT := |p2 − p3|.
We set h1 = |p1 − p2| and h2 = |p1 − p3|. We then assume that h2 ≤ h1. Note
that h1 ≈ hT .

Condition 2 (Case in which d = 3) Let T ∈ Th with the vertices pi (i =
1, . . . , 4). Let Li (1 ≤ i ≤ 6) be the edges of T . We denote by Lmin the edge of
T with the minimum length; i.e., |Lmin| = min1≤i≤6 |Li|. We set h2 := |Lmin|
and assume that

the endpoints of Lmin are either {p1, p3} or {p2, p3}.

Among the four edges that share an endpoint with Lmin, we take the longest

edge L
(min)
max . Let p1 and p2 be the endpoints of edge L

(min)
max . We thus have that

h1 = |L(min)
max | = |p1 − p2|.

We consider cutting R3 with the plane that contains the midpoint of edge L
(min)
max

and is perpendicular to the vector p1 − p2. Thus, we have two cases:
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(Type i) p3 and p4 belong to the same half-space;
(Type ii) p3 and p4 belong to different half-spaces.

In each case, we set

(Type i) p1 and p3 as the endpoints of Lmin, that is, h2 = |p1 − p3|;
(Type ii) p2 and p3 as the endpoints of Lmin, that is, h2 = |p2 − p3|.
Finally, we set h3 = |p1 − p4|. Note that we implicitly assume that p1 and p4
belong to the same half-space. In addition, note that h1 ≈ hT .

1.5 Additional notation and assumption

We define vectors rn ∈ Rd, n = 1, . . . , d as follows. If d = 2,

r1 :=
p2 − p1
|p2 − p1|

, r2 :=
p3 − p1
|p3 − p1|

,

and if d = 3,

r1 :=
p2 − p1
|p2 − p1|

, r3 :=
p4 − p1
|p4 − p1|

,


r2 :=

p3 − p1
|p3 − p1|

, for case (i),

r2 :=
p3 − p2
|p3 − p2|

for case (ii).

For a sufficiently smooth function φ and vector function v := (v1, . . . , vd)
T ,

we define the directional derivative as, for i ∈ {1, . . . , d},

∂φ

∂ri
:= (ri · ∇x)φ =

d∑
i0=1

(ri)i0
∂φ

∂xi0
,

∂v

∂ri
:=

(
∂v1
∂ri

, . . . ,
∂vd
∂ri

)T

= ((ri · ∇x)v1, . . . , (ri · ∇x)vd)
T .

For a multi-index β = (β1, . . . , βd) ∈ Nd
0, we use the notation

∂βφ :=
∂|β|φ

∂xβ1

1 . . . ∂xβd

d

, ∂βr φ :=
∂|β|φ

∂rβ1

1 . . . ∂rβd

d

, hβ := hβ1

1 · · ·hβd

d .

Note that ∂βφ 6= ∂βr φ.
We proposed a geometric parameter HT in a prior work [36].

Definition 1 The parameter HT is defined as

HT :=

∏d
i=1 hi
|T |d

hT .

We introduce the geometric condition proposed in [36], which is equivalent to
the maximum-angle condition [38].

Assumption 1 A family of meshes {Th} has a semi-regular property if there
exists γ0> 0 such that

HT

hT
≤ γ0 ∀Th ∈ {Th}, ∀T ∈ Th. (1.17)



WOPSIP methods on anisotropic meshes for the Poisson equation 9

1.6 Piola transformations

The Piola transformation Ψ : L1(T̂ )d → L1(T )d is defined as

Ψ : L1(T̂ )d → L1(T )d

v̂ 7→ v(x) := Ψ(v̂)(x) =
1

det(A)
Av̂(x̂).

1.7 Finite element spaces and anisotropic interpolation error estimates

1.7.1 Finite element spaces

For s ∈ N0, we define a discontinuous finite element space as

P s
dc,h :=

{
ph ∈ L2(Ω); ph|T ◦ Φ ∈ Ps(T̂ ) ∀T ∈ Th

}
.

Let Ne be the number of elements included in the mesh Th. Thus, we write
Th = {Tj}Ne

j=1.
Let the points {PTj ,1, . . . , PTj ,d+1} be the vertices of the simplex Tj ∈ Th

for j ∈ {1, . . . , Ne}. Let FTj ,i be the face of Tj opposite PTj ,i for i ∈ {1, . . . , d+
1}. We set P := P1, and take a set ΣTj := {χCR

Tj ,i
}1≤i≤d+1 of linear forms with

its components such that for any p ∈ P1.

χCR
Tj ,i(p) :=

1

|FTj ,i|d−1

∫
FTj,i

pds ∀i ∈ {1, . . . , d+ 1}. (1.18)

For each j ∈ {1, . . . , Ne}, the triple {Tj ,P1, ΣTj} is a finite element. Using

the barycentric coordinates {λTj ,i}d+1
i=1 : Rd → R on the reference element,

the nodal basis functions associated with the degrees of freedom by (1.18) are
defined as

θCR
Tj ,i(x) := d

(
1

d
− λTj ,i(x)

)
∀i ∈ {1, . . . , d+ 1}. (1.19)

For j ∈ {1, . . . , Ne} and i ∈ {1, . . . , d+ 1}, we define the function ϕj(i) as

ϕj(i)(x) :=

{
θCR
Tj ,i

(x), x ∈ Tj ,

0, x /∈ Tj .
(1.20)

We define a discontinuous finite element space as

V CR
dc,h :=


Ne∑
j=1

d+1∑
i=1

cj(i)ϕj(i); cj(i) ∈ R, ∀i, j

 ⊂ P 1
dc,h (1.21)

with a norm |φh|V CR
dc,h

:= |φh|h for any φh ∈ V CR
dc,h.
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For Tj ∈ Th, j ∈ {1, . . . , Ne}, we define the local RT polynomial space as
follows.

RT0(Tj) := P0(Tj)
d + xP0(Tj), x ∈ Rd. (1.22)

For p ∈ RT0(Tj), the local degrees of freedom are defined as

χRT
Tj ,i(p) :=

∫
FTj,i

p · nTj ,ids ∀i ∈ {1, . . . , d+ 1}, (1.23)

where nTj ,i is a fixed unit normal to FTj ,i. Setting Σ
RT
Tj

:= {χRT
Tj ,i

}1≤i≤d+1,

the triple {Tj ,RT0, ΣRT
Tj

} a finite element. The local shape functions are

θRT
Tj ,i(x) :=

ιFTj,i
,Tj

d|Tj |d
(x− PTj ,i) ∀i ∈ {1, . . . , d+ 1}, (1.24)

where ιFTj,i
,Tj

:= 1 if nTj,i
points outwards, and −1 otherwise [24]. We define

a discontinuous RT finite element space as follows.

V RT
dc,h := {vh ∈ L1(Ω)d : Ψ−1(vh|Tj

) ∈ RT0(T̂ ) ∀Tj ∈ Th, j ∈ {1, . . . , Ne}}.
(1.25)

1.7.2 Discontinuous space and the L2-orthogonal projection

For Tj ∈ Th, j ∈ {1, . . . , Ne}, let Π0
Tj

: L2(Tj) → P0 be the L2-orthogonal
projection defined as

Π0
Tj
φ :=

1

|Tj |d

∫
Tj

φdx ∀φ ∈ L2(Tj).

The following theorem gives an anisotropic error estimate of the projection
Π0

Tj
.

Theorem 1 For any φ̂ ∈ H1(T̂ ) with φ := φ̂ ◦ Φ−1,

‖Π0
Tj
φ− φ‖L2(Tj) ≤ c

d∑
i=1

hi

∥∥∥∥ ∂φ∂ri
∥∥∥∥
L2(Tj)

. (1.26)

Proof A proof is found in [34, Theorem 2] and [35, Theorem 2]. ut

We also define the global interpolation Π0
h to the space P 0

dc,h as

(Π0
hφ)|Tj := Π0

Tj
(φ|Tj ) ∀Tj ∈ Th, j ∈ {1, . . . , Ne}, ∀φ ∈ L2(Ω).
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1.7.3 Discontinuous CR finite element interpolation operator

For Tj ∈ Th, j ∈ {1, . . . , Ne}, let ICR
Tj

: H1(Tj) → P1(Tj) be the CR interpo-

lation operator such that for any φ ∈ H1(Tj),

ICR
Tj

: H1(Tj) 3 φ 7→ ICR
Tj

φ :=

d+1∑
i=1

(
1

|FTj ,i|d−1

∫
FTj,i

φds

)
θCR
Tj ,i ∈ P1(Tj).

We then present estimates of the anisotropic CR interpolation error.

Theorem 2 For j ∈ {1, . . . , Ne},

|ICR
Tj

φ− φ|H1(Tj) ≤ c

d∑
i=1

hi

∥∥∥∥ ∂

∂ri
∇φ
∥∥∥∥
L2(Tj)d

∀φ ∈ H2(Tj), (1.27)

‖ICR
Tj

φ− φ‖L2(Tj) ≤ c
∑
|ε|=2

hε ‖∂εrφ‖L2(T ) ∀φ ∈ H2(Tj). (1.28)

Proof The proof of (1.27) is found in [34, Theorem 3] and [35, Theorem 3].
Let φ ∈ H2(Tj) for j ∈ {1, . . . , Ne}. Using the scaling argument yields

‖ICR
Tj

φ− φ‖L2(T ) ≤ c| det(A)| 12 ‖ICR
T̂

φ̂− φ̂‖L2(T̂ ). (1.29)

For any η̂ ∈ P1, we have that

‖ICR
T̂

φ̂− φ̂‖L2(T̂ ) ≤ ‖ICR
T̂

(φ̂− η̂)‖L2(T̂ ) + ‖η̂ − φ̂‖L2(T̂ ), (1.30)

because ICR
T̂

η̂ = η̂. Using the trace inequality on the reference element,

‖ICR
T̂

(φ̂− η̂)‖L2(T̂ ) ≤ c‖φ̂− η̂‖H1(T̂ ). (1.31)

Based on (1.29), (1.30) and (1.31), we have that

‖ICR
Tj

φ− φ‖L2(T ) ≤ c| det(A)| 12 inf
η̂∈P1

‖φ̂− η̂‖H1(T̂ ). (1.32)

From the Bramble–Hilbert lemma (refer to [18, Lemma 4.3.8]), η̂β ∈ P1 exists

such that for any φ̂ ∈ H2(T̂ ),

|φ̂− η̂β |Hs(T̂ ) ≤ CBH(T̂ )|φ̂|H2(T̂ ), s = 0, 1. (1.33)

Using the inequality in [39, Lemma 6] with m = 0, we can estimate inequality
(1.33) as

|φ̂|H2(T̂ ) ≤ c| det(A)|− 1
2

∑
|ε|=2

hε ‖∂εrφ‖L2(T ) . (1.34)

Using (1.32), (1.33) and (1.34), we can deduce the target inequality (1.28). ut

We define a global interpolation operator ICR
h : H1(Ω) → V CR

dc,h as

(ICR
h φ)|Tj = ICR

Tj
(φ|Tj ), j ∈ {1, . . . , Ne}, ∀φ ∈ H1(Ω). (1.35)
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1.7.4 Discontinuous RT finite element interpolation operator

For Tj ∈ Th, j ∈ {1, . . . , Ne}, let IRT
Tj

: H1(Tj)
d → RT0(Tj) be the RT

interpolation operator such that for any v ∈ H1(Tj)
d,

IRT
Tj

: H1(Tj)
d 3 v 7→ IRT

Tj
v :=

d+1∑
i=1

(∫
FTj,i

v · nTj ,ids

)
θRT
Tj ,i ∈ RT0(Tj).

(1.36)

The following two theorems are divided into the element of (Type i) or the
element of (Type ii) in Section 1.4 when d = 3.

Theorem 3 Let Tj be the element with Conditions 1 or 2 and satisfy (Type i)

in Section 1.4 when d = 3. For any v̂ ∈ H1(T̂ )d with v = (v1, . . . , vd)
T := Ψv̂

and j ∈ {1, . . . , Ne},

‖IRT
Tj

v − v‖L2(Tj)d ≤ c

(
HTj

hTj

d∑
i=1

hi

∥∥∥∥ ∂v∂ri
∥∥∥∥
L2(Tj)d

+ hTj
‖ div v‖L2(Tj)

)
.

(1.37)

Proof A proof is provided in [33, Theorem 2]. ut

Theorem 4 Let d = 3. Let Tj be an element with Condition 2 that satisfies

(Type ii) in Section 1.4. For v̂ ∈ H1(T̂ )3 with v = (v1, v2, v3)
T := Ψv̂ and

j ∈ {1, . . . , Ne},

‖IRT
Tj

v − v‖L2(Tj)3 ≤ c
HTj

hTj

(
hTj

|v|H1(Tj)3

)
. (1.38)

Proof A proof is provided in [33, Theorem 3]. ut

We define a global interpolation operator IRT
h : H1(Ω)d → V RT

dc,h by

(IRT
h v)|Tj

= IRT
Tj

(v|Tj
), j ∈ {1, . . . , Ne}, ∀v ∈ H1(Ω)d. (1.39)

1.8 Relation between the RT interpolation and the L2-projection

Between the RT interpolation IRT
h and the L2-projection Π0

h, the following
relation holds.

Lemma 2 For j ∈ {1, . . . , Ne},

div(IRT
Tj

v) = Π0
Tj
(div v) ∀v ∈ H1(Tj)

d. (1.40)

By combining (1.40), for any v ∈ H1(Ω)d

div(IRT
h v) = Π0

h(div v). (1.41)

Proof A proof is provided in [24, Lemma 16.2]. ut
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1.9 Existing results

1.9.1 Important tools

The following relation plays an important role in the discontinuous Galerkin
finite element analysis on anisotropic meshes.

Lemma 3 For any w ∈ H1(Ω)d and ψh ∈ P 1
dc,h,∫

Ω

(
IRT
h w · ∇hψh + div IRT

h wψh

)
dx

=
∑

F∈Fi
h

∫
F

{{w}}ω,F · nFΠ0
F [[ψh]]F ds+

∑
F∈F∂

h

∫
F

(w · nF )Π0
Fψhds. (1.42)

Proof A proof is provided in [34, Lemma 3]. ut

The right-hand terms in (1.42) are estimated as follows.

Lemma 4 For any w ∈ H1(Ω)d and ψh ∈ P 1
dc,h,∣∣∣∣∣∣

∑
F∈Fi

h

∫
F

{{w}}ω,F · nFΠ0
F [[ψh]]F ds

∣∣∣∣∣∣
≤ c|ψh|jwop

(
h‖w‖L2(Ω)d + h

3
2 ‖w‖

1
2

L2(Ω)d
|w|

1
2

H1(Ω)d

)
, (1.43)∣∣∣∣∣∣

∑
F∈F∂

h

∫
F

(w · nF )Π0
Fψhds

∣∣∣∣∣∣
≤ c|ψh|jwop

(
h‖w‖L2(Ω)d + h

3
2 ‖w‖

1
2

L2(Ω)d
|w|

1
2

H1(Ω)d

)
. (1.44)

Proof A proof is provided in [34, Lemma 4]. ut

Lemma 5 Let h ≤ 1. Thus, for any w ∈ H1(Ω)d and ψh ∈ P 1
dc,h,∣∣∣∣∣∣

∑
F∈Fi

h

∫
F

{{w}}ω,F · nFΠ0
F [[ψh]]F ds

∣∣∣∣∣∣ ≤ c|ψh|rdg‖w‖H1(Ω)d , (1.45)

∣∣∣∣∣∣
∑

F∈F∂
h

∫
F

(w · nF )Π0
Fψhds

∣∣∣∣∣∣ ≤ c|ψh|rdg‖w‖H1(Ω)d . (1.46)

Proof A proof is provided in [34, Lemma 4]. ut
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1.9.2 Discrete Poincaré inequality

The following lemma provides a discrete Poincaré inequality. For simplicity,
we assume that Ω is convex.

Lemma 6 (Discrete Poincaré inequality) Assume that Ω is convex. Let
{Th} be a family of meshes with the semi-regular property (Assumption 1)
and h ≤ 1. Then, there exists a positive constant CP

dc independent of h but
dependent on the maximum angle such that

‖ψh‖L2(Ω) ≤ CP
dc|ψh|rdg ∀ψh ∈ P 1

dc,h. (1.47)

Proof A proof is provided in [34, Lemma 6]. ut

Remark 1 For any f ∈ L2(Ω), we set ℓh : P 1
dc,h → R such that

ℓh(ψh) :=

∫
Ω

fψhdx ∀ψh ∈ P 1
dc,h. (1.48)

The Hölder’s and the discrete Poincaré inequalities yield

|ℓh(ψh)| ≤ CP
dc‖f‖L2(Ω)|ψh|rdg ∀ψh ∈ P 1

dc,h,

if Ω is convex. We are interested in case that Ω is not convex to prove stability
estimates of schemes. In [14], the discrete Poincaré inequalities for piecewise
H1 functions are proposed. However, the inverse, trace inequalities and the
local quasi-uniformity for meshes under the shape-regular condition are used
for the proof. Therefore, careful consideration of the results used in [14] may
be necessary to remove the assumption that Ω is convex.

2 WOPSIP method for the Poisson equation

This section presents an analysis of the WOPSIP method for the Poisson
equations on anisotropic meshes. In [35], we presented the error estimate in
the energy norm | · |wop in Section 1.3 for the Stokes equation. We review the
energy norm eror estimate and here is a new introduction to an error estimate
in the L2 norm.

2.1 WOPSIP method

We consider the WOPSIP method for the Poisson equation (1.1) as follows.
We aim to find uwop

h ∈ V CR
dc,h such that

awop
h (uwop

h , φh) = ℓh(φh) ∀φh ∈ V CR
dc,h, (2.1)
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where ℓh : V CR
dc,h → R is defined in (1.48). Here, awop

h : (V CR
dc,h + H1

0 (Ω)) ×
(V CR

dc,h +H1
0 (Ω)) is defined as

awop
h (v, w) :=

∫
Ω

∇hv · ∇hwdx+
∑

F∈Fh

κF

∫
F

Π0
F [[v]]Π

0
F [[w]]ds

for all (v, w) ∈ (V CR
dc,h +H1

0 (Ω))× (V CR
dc,h +H1

0 (Ω)). Recall that the parameter
κF is defined in (1.10). Using the Hölder’s inequality, we obtain

|awop
h (v, wh)| ≤ c|v|wop|wh|wop ∀v ∈ V CR

dc,h +H1
0 (Ω), ∀wh ∈ V CR

dc,h. (2.2)

As stated in Remark 1, we impose that Ω is convex to obtain a stability
estimate of the WOPSIP sheme. The stability estimate without convexity of
the domain is still an open question.

2.2 Energy norm error estimate

The starting point for error analysis is the Second Strang Lemma, e.g. see [23,
Lemma 2.25].

Lemma 7 We assume that Ω is convex. Let u ∈ H1
0 (Ω) be the solution of

(1.2) and uwop
h ∈ V CR

dc,h be the solution of (2.1). It then holds that

|u− uwop
h |wop ≤ inf

vh∈V CR
dc,h

|u− vh|wop + Eh(u), (2.3)

where

Eh(u) := sup
wh∈V CR

dc,h

|awop
h (u,wh)− ℓh(wh)|

|wh|wop
. (2.4)

Proof Let vh ∈ V CR
dc,h. It holds that

|vh − uwop
h |2wop = awop

h (vh − uwop
h , vh − uwop

h )

= awop
h (vh − u, vh − uwop

h ) + awop
h (u, vh − uwop

h )− ℓh(vh − uwop
h )

≤ c|u− vh|wop|vh − uwop
h |wop + |awop

h (u, vh − uwop
h )− ℓh(vh − uwop

h )|,

which leads to

|vh − uwop
h |wop ≤ c|u− vh|wop +

|awop
h (u, vh − uwop

h )− ℓh(vh − uwop
h )|

|vh − uwop
h |wop

≤ c|u− vh|wop + Eh(u).

Then,

|u− uwop
h |wop ≤ |u− vh|wop + |vh − uwop

h |wop ≤ c|u− vh|wop + Eh(u).

Hence, the target inequality (2.3) holds. ut
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Lemma 8 (Best approximation) We assume that Ω is convex. Let u ∈
V∗ := H1

0 (Ω) ∩H2(Ω) be the solution of (1.2). Then,

inf
vh∈V CR

dc,h

|u− vh|wop ≤ c

(
d∑

i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

. (2.5)

Proof Let v ∈ H1
0 (Ω). From [35, Theorem 7],

‖Π0
F [[(I

CR
h v)− v]]‖2L2(F ) = 0. (2.6)

Therefore, using (1.27) and (1.44), we obtain

inf
vh∈V CR

dc,h

|u− vh|wop ≤ |u− ICR
h u|wop = |u− ICR

h u|H1(Th) (2.7)

≤ c

(
d∑

i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

,

which is the target inequality (2.5). ut

The essential part for error estimates is the consistency error term (2.4).

Lemma 9 (Asymptotic Consistency) We assume that Ω is convex. Let
u ∈ V∗ := H1

0 (Ω) ∩ H2(Ω) be the solution of (1.2). Let {Th} be a family of
conformal meshes with the semi-regular property (Assumption 1). Let T ∈ Th

be the element with Conditions 1 or 2 and satisfy (Type i) in Section 1.4 when
d = 3. Then,

Eh(u) ≤ c


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ c

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
. (2.8)

Furthermore, let d = 3 and let T ∈ Th be the element with Condition 2 and
satisfy (Type ii) in Section 1.4. It then holds that

Eh(u) ≤ ch‖∆u‖L2(Ω) + c
(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
. (2.9)

Proof We first have

div IRT
h ∇u = Π0

h div∇u = Π0
h∆u.

Let wh ∈ V CR
dc,h. Setting w := ∇u in (1.42) yields

awop
h (u,wh)− ℓh(wh)

=

∫
Ω

(∇u− IRT
h ∇u) · ∇hwhdx+

∫
Ω

(
∆u−Π0

h∆u
)
whdx

+
∑

F∈Fi
h

∫
F

{{∇u}}ω,F · nFΠ0
F [[wh]]F ds+

∑
F∈F∂

h

∫
F

(∇u · nF )Π0
Fwhds

=: I1 + I2 + I3 + I4.
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Let T ∈ Th be the element with Conditions 1 or 2 and satisfy (Type i) in
Section 1.4 when d = 3. Using the Hölder’s inequality, the Cauchy–Schwarz
inequality and the RT interpolation error (1.37), the term I1 is estimated as

|I1| ≤ c
∑
T∈Th

‖∇u− IRT
h ∇u‖L2(T )|wh|H1(T )

≤ c
∑
T∈Th

(
d∑

i=1

hi

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥
L2(T )d

+ hT ‖∆u‖L2(T )

)
|wh|H1(T )

≤ c


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)

 |wh|wop.

Using the Hölder’s inequality, the Cauchy–Schwarz inequality, the stability of
Π0

h and the estimate (1.26), the term I2 is estimated as

|I2| =
∣∣∣∣∫

Ω

(
∆u−Π0

h∆u
) (
wh −Π0

hwh

)
dx

∣∣∣∣
≤
∑
T∈Th

‖∆u−Π0
h∆u‖L2(T )‖wh −Π0

hwh‖L2(T )

≤ ch‖∆u‖L2(Ω)|wh|wop.

The triangle inequality, (1.43) and (1.44), the terms I3 and I4 are estimated
as

|I3| ≤ c|wh|jwop

(
h‖∇u‖L2(Ω)d + h

3
2 ‖∇u‖

1
2

L2(Ω)d
|∇u|

1
2

H1(Ω)d

)

≤ c|wh|wop

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
,

|I4| ≤ c|wh|wop

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
.

Gathering the above inequalities yields the target inequality (2.8).

Let d = 3 and let T ∈ Th be the element with Condition 2 and satisfy
(Type ii) in Section 1.4. Using the Hölder’s inequality, the Cauchy–Schwarz
inequality and the RT interpolation error (1.38), the terms I1 is estimated as

|I1| ≤ ch|u|H2(Ω)|wh|wop,

which implies the target inequality (2.9) with (1.3). ut

From Lemmata 7, 8 and 9, we have the following energy norm error esti-
mate.
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Theorem 5 We assume that Ω is convex. Let u ∈ V∗ be the solution of (1.2).
Let {Th} be a family of conformal meshes with the semi-regular property (As-
sumption 1). Let T ∈ Th be the element with Conditions 1 or 2 and satisfy
(Type i) in Section 1.4 when d = 3. Let uwop

h ∈ V CR
dc,h be the solution of (2.1).

Then,

|u− uwop
h |wop ≤ c


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ c

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
. (2.10)

Furthermore, let d = 3 and let T ∈ Th be the element with Condition 2 and
satisfy (Type ii) in Section 1.4. It then holds that

|u− uwop
h |wop ≤ ch‖∆u‖L2(Ω) + c

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
.

(2.11)

2.3 L2 norm error estimate

This section presents the L2 error estimate of the WOPSIP method.

Theorem 6 We assume that Ω is convex. Let u ∈ V∗ be the solution of (1.2).
Let {Th} be a family of conformal meshes with the semi-regular property (As-
sumption 1). Let T ∈ Th be the element with Conditions 1 or 2 and satisfy
(Type i) in Section 1.4 when d = 3. Let uwop

h ∈ V CR
dc,h be the solution of (2.1).

Then,

‖u− uwop
h ‖L2(Ω) ≤ ch


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ ch

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
. (2.12)

Furthermore, let d = 3 and let T ∈ Th be the element with Condition 2 and
satisfy (Type ii) in Section 1.4. It then holds that

‖u− uwop
h ‖L2(Ω) ≤ ch2‖∆u‖L2(Ω)

+ ch
(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
. (2.13)

Proof We set e := u− uwop
h . Let z ∈ V∗ satisfy

a(φ, z) =

∫
Ω

φedx ∀φ ∈ H1
0 (Ω), (2.14)
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and zwop
h ∈ V CR

dc,h satisfy

awop
h (φh, z

wop
h ) =

∫
Ω

φhedx ∀φh ∈ V CR
dc,h. (2.15)

Note that |z|H1(Ω) ≤ c‖e‖L2(Ω) and |z|H2(Ω) ≤ ‖e‖L2(Ω). Then,

‖e‖2L2(Ω) =

∫
Ω

(u− uwop
h )edx = a(u, z)− awop

h (uwop
h , zwop

h )

= awop
h (u− uwop

h , z − zwop
h ) + awop

h (u− uwop
h , zwop

h ) + awop
h (uwop

h , z − zwop
h )

= awop
h (u− uwop

h , z − zwop
h )

+ awop
h (u− uwop

h , zwop
h − ICR

h z) + awop
h (u− uwop

h , ICR
h z)

+ awop
h (uwop

h − ICR
h u, z − zwop

h ) + awop
h (ICR

h u, z − zwop
h )

=: J1 + J2 + J3 + J4 + J5.

From Theorems 2 and 5, we have

|z − zwop
h |wop ≤ ch‖e‖L2(Ω), (2.16a)

|z − ICR
h z|H1(Th) ≤ ch‖e‖L2(Ω), (2.16b)

‖z − ICR
h z‖L2(Ω) ≤ ch2‖e‖L2(Ω). (2.16c)

Let T ∈ Th be the element with Conditions 1 or 2 and satisfy (Type i) in
Section 1.4 when d = 3.

Using (2.10) and (2.16a), J1 can be estimated as

|J1| ≤ c|u− uwop
h |wop|z − zwop

h |wop

≤ ch‖e‖L2(Ω)


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ ch‖e‖L2(Ω)

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
.

Using (2.7), (2.10), (2.16a) and (2.16b), J2 can be estimated as

|J2| ≤ c
{
|u− uwop

h |wop

(
|zwop

h − z|wop + |z − ICR
h z|wop

)}
≤ ch‖e‖L2(Ω)


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ ch‖e‖L2(Ω)

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
.

By an analogous argument,

|J4| ≤ ch‖e‖L2(Ω)


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ ch‖e‖L2(Ω)

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
.
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Using the same argument with (1.42) with w := ∇u and Π0
F [[(I

CR
h z)− z]] = 0,∫

Ω

(
IRT
h ∇u · ∇h(I

CR
h z − z) +Π0

h∆u(I
CR
h z − z)

)
dx = 0.

Thus,

J3 = awop
h (u, ICR

h z)− awop
h (uwop

h , ICR
h z)

=

∫
Ω

∇u · ∇h(I
CR
h z − z)dx+

∫
Ω

∆u(ICR
h z − z)dx

=

∫
Ω

(∇u− IRT
h ∇u) · ∇h(I

CR
h z − z)dx+

∫
Ω

(∆u−Π0
h∆u)(I

CR
h z − z)dx.

Using (1.37), (2.16b), (2.16c) and the stanility of the L2-projection yields

|J3| ≤ ch‖e‖L2(Ω)


(

d∑
i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ h‖∆u‖L2(Ω)


+ ch2‖e‖L2(Ω)‖∆u‖L2(Ω).

By an analogous argument,

|J5| =
∣∣∣∣∫

Ω

(∇z − IRT
h ∇z) · ∇h(I

CR
h u− u)dx+

∫
Ω

(∆z −Π0
h∆z)(I

CR
h u− u)dx

∣∣∣∣
≤ ch‖e‖L2(Ω)

(
d∑

i=1

∑
T∈Th

h2i

∥∥∥∥ ∂

∂ri
∇u
∥∥∥∥2
L2(T )d

) 1
2

+ ch2‖e‖L2(Ω)‖∆u‖L2(Ω).

Gathering the above inequalities yields the target inequality (2.12).

Let d = 3 and let T ∈ Th be the element with Condition 2 and satisfy
(Type ii) in Section 1.4.

We use (2.11) instead of (2.10), and (1.38) instead of (1.37) for estimates
of J1 − J5:

|J1| ≤ ch2‖e‖L2(Ω)‖∆u‖L2(Ω) + ch‖e‖L2(Ω)

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
,

|J2| ≤ ch2‖e‖L2(Ω)‖∆u‖L2(Ω) + ch‖e‖L2(Ω)

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
,

|J3| ≤ ch2‖e‖L2(Ω)‖∆u‖L2(Ω),

|J4| ≤ ch2‖e‖L2(Ω)‖∆u‖L2(Ω) + ch‖e‖L2(Ω)

(
h|u|H1(Ω) + h

3
2 |u|

1
2

H1(Ω)‖∆u‖
1
2

L2(Ω)

)
,

|J5| ≤ ch2‖e‖L2(Ω)‖∆u‖L2(Ω).

Gathering the above inequalities yields the target inequality (2.13). ut
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3 Remarks on SIP methods

This section gives remaks on SIP and RSIP methods for the Poisson equations
without imposing the shape-regular condition for mesh partitions. We define
the calassical discontinuous P1 finite element space as

V 1
dc,h := {φh ∈ L2(Ω) : vh|T ∈ P1(T ) ∀T ∈ Th},

V 1
dc,h,∗ := V∗ + V 1

dc,h,

The SIP and RSIP methods is to find u♮h ∈ V 1
dc,h such that

a♮h(u
♮
h, φh) = ℓh(φh) ∀φh ∈ V 1

dc,h, (3.1)

where ℓh : P 1
dc,h → R is defined in (1.48) and ♮ ∈ {sip, rsip}. Here, asiph :

V 1
dc,h,∗ × V 1

dc,h and arsiph : V 1
dc,h,∗ × V 1

dc,h are defined as

asiph (v, wh) :=

∫
Ω

∇hv · ∇hwhdx+
∑

F∈Fh

γsipκF∗

∫
F

[[v]][[wh]]ds

−
∑

F∈Fh

∫
F

({{∇hv}}ω · nF [[wh]] + [[v]]{{∇hwh}}ω · nF ) ds,

arsiph (v, wh) :=

∫
Ω

∇hv · ∇hwhdx+
∑

F∈Fh

γrsipκF∗

∫
F

Π0
F [[v]]Π

0
F [[wh]]ds

−
∑

F∈Fh

∫
F

({{∇hv}}ω · nF [[wh]] + [[v]]{{∇hwh}}ω · nF ) ds

for all (v, wh) ∈ V 1
dc,h,∗×V 1

dc,h. The penalty parameters γsip and γrsip are large
enough. One generally estabilish consistency, boundedness for bilinear forms,
and discrete coercivity to obtain a convergence analysis for the SIP and RSIP
methods, e.g. see [46, Chapter 4]. However, we may not get an optimal order
of error estimates for the consistenct term,

∑
F∈Fh

∫
F

{{∇hv}}ω · nF [[wh]]ds ∀(v, wh) ∈ V 1
dc,h,∗ × V 1

dc,h.

Suppose that F ∈ F i
h with F = T1∩T2, T1, T2 ∈ Th. Using the trace (Lemma 1)

and the Hölder inequalities, the weighted average gives the following estimate
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for the term
∫
F
{{∇hv}}ω · nF [[wh]]ds.∣∣∣∣∫

F

{{∇hv}}ω · nF [[wh]]ds

∣∣∣∣
≤ c

{(
‖∇v|T1

‖L2(T1)d + h
1
2

T1
‖∇v|T1

‖
1
2

L2(T1)d
|∇v|T1

|
1
2

H1(T1)d

)2

+
(
‖∇v|T2

‖L2(T2)d + h
1
2

T2
‖∇v|T2

‖
1
2

L2(T2)d
|∇v|T2

|
1
2

H1(T2)d

)2} 1
2

×
(
ω2
T1,F ℓT1,F

−1 + ω2
T2,F ℓT2,F

−1
) 1

2 ‖[[wh]]‖L2(F ), (3.2)

where ωT1,F and ωT2,F are defined in (1.8), and ℓT1,F and ℓT2,F are defined
in the inequality (1.5). Let ILT : C(T ) → P1(T ) for any T ∈ Th be the usual
Lagrange interpolation opertor, and let u ∈ V∗ the exact solution of (1.1). We
set v := u−ILT u. When d = 3, due to [39, Corolllary 1], ubder the semi-regular
condition (1.17),

|u− ILT u|H1(T ) ≤ c

3∑
i=1

hi

∣∣∣∣ ∂u∂ri
∣∣∣∣
H1(T )

,

which leads to

‖∇(u− ILT u)‖L2(T )3 + h
1
2

T ‖∇(u− ILT u)‖
1
2

L2(T )3 |∇(u− ILT u)|
1
2

H1(T )3

≤ c

3∑
i=1

hi

∣∣∣∣ ∂u∂ri
∣∣∣∣
H1(T )

+ ch
1
2

T

(
3∑

i=1

hi

∣∣∣∣ ∂u∂ri
∣∣∣∣
H1(T )

) 1
2

|u|
1
2

H2(T )

≤ ch
1
2

T

(
3∑

i=1

hi

∣∣∣∣ ∂u∂ri
∣∣∣∣
H1(T )

) 1
2

|u|
1
2

H2(T ) ≤ chT |u|H2(T ).

Therefore, even if anisotropic meshes are used, the computational efficiency
may not increase much for the SIP method.

In case the RSIP method, the estimate on consistency term is more com-
plicated. For all (v, wh) ∈ V 1

dc,h,∗ × V 1
dc,h,∫

F

{{∇hv}}ω · nF [[wh]]ds

=

∫
F

{{∇hv}}ω · nFΠ0
F [[wh]]ds+

∫
F

{{∇hv}}ω · nF
(
[[wh]]−Π0

F [[wh]]
)
ds.

(3.3)

The first term of the R.H.S in (3.3) can be estimated as (3.2), where the CR
interpolation operator ICR

T is used instead of ILT . Therefore, even if anisotropic
meshes are used, the computational efficiency for the RSIP method also may
not increase much. In an estimate of the secoond term of the R.H.S in (3.3),
we use scaling argument on anisotropic meshes, c.f. [37, Lemma 4].
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4 Numerical experiments

Under construction.
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3. Apel Th, Nicaise S, Schöberl J: Crouzeix–Raviart type finite elements on anisotropic
meshes. Numer Math 89, 193-223 (2001)

4. Andreas W. Stabilised mixed finite-element methods on anisotropic meshes. PhD thesis:
University of Strathclyde (2015)

5. Apel, T. Anisotropic finite elements: local estimates and applications. Advances in Nu-
merical Mathematics. Teubner & Stuttgart (1999)

6. Apel, T., Kempf V., Linke, A. and Merdon, C.. Non-conforming pressure-robust finite
element method for Stokes equations on anisotropic meshes. IMA J. Numer. Anal., (2021)

7. Arnord, D.N.: An interior penalty finite element method with discontinuous element.
SIAM J. Numer. Anal. 19, 742-760 (1982)

8. Babus̆ka, I. Aziz, A. K.: On the angle condition in finite element method. SIAM J. Numer.
Anal. 13, 214-226 (1976)

9. Barker, A. T., Brenner, S. C.: A mixed finite element method for the Stokes equations
based on a weakly overpenalized symmetric interior penalty approach. J. Sci. Comput.
58, 290-307 (2014)

10. Barrenechea, G. R., Wachtel, A.: The inflow stability of the lowest-order Taylor–Hood
pair on affine anisotropic meshes. IMA J. Numer. Anal. 40, 2377-2398 (2019)

11. Boffi, D., Brezzi, F., Demkowicz, L.F., Durán, R.G., Falk, R.S., Fortin, M.: Mixed Finite
Elements, Compatibility Conditions, and Applications: Lectures Given at the C.I.M.E.
Summer School, Italy, 2006. Lunk Notes in Mathematics 1939 and Springer (2008)

12. Boffi, D., Brezzi, F., Fortin, M.: Mixed Finite Element Methods and Applications.
Springer-Verlag, New York (2013).
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