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1 Preliminaries

Throughout, we denote by ¢ a constant independent of h (defined later) and
of the angles and aspect ratios of simplices unless specified otherwise, and
all constants ¢ are bounded if the maximum angle is bounded. These values
may change in each context. The notation R denotes the set of positive real
numbers.

1.1 Continuous problems
Let 2 C R, d € {2,3} be a bounded polyhedral domain. Furthermore, we

assume that {2 is convex if necessary. The Poisson problem is to find u : {2 — R
such that

—Au=f in2, u=0 on 02, (1.1)
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where f € L%(f2) is a given function. The variational formulation for the
Poisson equations (1.1) is as follows. Find u € H}(£2) such that

a(u, @) == /QVu -Vpdxr = /chpd:c Vo € Hi(0). (1.2)

By the Lax—Milgram lemma, there exists a unique solution u € H¢(£2) for any
f € L?(2) and it holds that

[ul i1 (2) < Cp(2)| 1],

where Cp(£2) is the Poincaré constant depending on (2. Furthermore, if {2 is
convex, then u € H2(£2) and

ful sz < 1Al (1.3)

The proof can be found in, for example, [29, Theorem 3.1.1.2, Theorem 3.2.1.2].

1.2 Meshes, mesh faces, averages and jumps

Let Ty, = {T'} be a simplicial mesh of {2 made up of closed d-simplices such as
n= UTeTh T with h := maxper, hr, where hy := diam(T"). For simplicity,
we assume that T}, is conformal: that is, T}, is a simplicial mesh of {2 without
hanging nodes.

Let F} be the set of interior faces and }",‘? the set of the faces on the
boundary 9f2. We set Fj, := Fj U ]-'}?. For any F € F},, we define the unit
normal ng to F as follows. (i) If F € F} with F = Ty N Ty, T1,T5 € Ty, let
n1 and no be the outward unit normals of 77 and T3, respectively. Then, ng
is either of {ny,na}; (ii) If F € F2, np is the unit outward normal n to 9£2.
For a simplex T C R?, let Fr be the collection of the faces of T

Here, we consider R%-valued functions for some g € N. We define a broken
(piecewise) Hilbert space as

H™(Ty)? := {v € L*(2)7: vlr € HY(T)? YT €Ty}, meN
with a norm
1
2
|U|Hm(1rh)<1 = (Z |U|§JM(T)G> .
TeT

When ¢ = 1, we denote H™(Ty,) := H™(Ty)". Let ¢ € H'(Ty). Suppose that
F e F with F =T1NT, T1, T € Th. Set 1 := |1, and @2 := ¢|1,. Set
two nonnegative real numbers wr, r and wr, r such that

wr,,F +wp,r = 1.
The jump and the skew-weighted average of ¢ across F' is then defined as

el == [elF =1 — 92, {eho:={elar =wn re1 +wrn, Fes.
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For a boundary face F € F with F' = 0T N9, [¢]r := ¢|7 and {p}}z =
o|7. For any v € H*(T3)¢, we use the notation

[v-n] :=[v-n]p:=v1-n1+v2-n2, {v}}e = {v}er =wn rFoi +wn, oo,

[o] == [v]F = v1 = 02,

for the jump of the normal component of v, the weighted average of v, and
the junp of v. For F € F,, [v-n] :=v-n, {{v}}s :=v and [v] :=, where n is
the outward normal.

We define a broken gradient operator as follows. For ¢ € H'(T}), the
broken gradient V, : H*(T}) — L?(£2)? is defined by

(Vio)lr :==V(plr) VT €Tp.

1.3 Penalty parameters and energy norms

The following trace inequality on anisotropic meshes is significant in this study.
Some references can be found for the proof. Here, we follow Ern and Guermond
[24, Lemma 12.15].

Lemma 1 (Trace inequality) Let T C R? be a simpler. There exists a
positive constant ¢ such that for any ¢ € HY(T), F € Fr, and h,

1 1 1 1
lellzze < elok (el + bl by lelinen ). (14)
where {r p = ‘Cgllﬂdl denotes the distance of the vertex of T opposite to F

to the face. Furthermore, there exists a positive constant ¢ such that for any
v= (WM. .. v c H(T)!, F € Fr, and h,

St 11 1
ol eyt < etz (Nollzys + RNl agryalolf ) . (15)

Proof A proof is found in [34, Lemma 1]. O
Deriving an appropriate penalty term is essential in discontinuous Galerkin
methods (dG) on anisotropic meshes. The use of weighted averages gives robust

dG schemes for various problems; see [21,34,46]. For any v € H'(T;)? and
p e Hl(Th)v

[((vp) - nlr = Lol r - nelele + [v-nlrf{ete r (1.6)

For example, if u € H}(£2) NW?21(02), setting v := —Vu, we have [v-n]r =0
for all F € F}, see [46, Lemma 4.3]. Using the trace (Lemma 1) and the
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Holder inequalities, the weighted average gives the following estimate for the
term {v}}e, r - nele]r.

/F {0 - nrlelr|ds

< e (kI3 ryys + 1012 I3 1y
1
X (hfww%hF(ThF_l + hfww%Q’FgTQ,F_l) ’ ||[[‘P]]||L2(F) ) (1.7)

where {7, p and {1, p are defined in the inequality (1.5). The weights wrp, p,
wr,,r and f are nonnegative real numbers chosen latter on. A choice for the
weighted parameters is such that for F' € F; with F' =1, NT13, 11,15 € Th,

wr, = \/m , 1=1,2. (1.8)
v V. r + /1y F
Then, the associated penalty parameter is defined as
2h—20
(VO p + /1y, r)?

Let F € .7-7;, with F' = T, N1y, T1,T5 € T, be an interior face and F' € .7:,‘?
with F' = 0Ty N 9S2, Ty € T}, a boundary face. A new penalty parameter kg
for the WOPSIP method is defined as follows using (1.9) with 5 = 1.

(1.9)

_9 )
B2 (\/éThF T eT%F) if FeFi, 110)

Rp =
hp) i FeF.

For the RSIP method and the discrete Poincaré inequality, we use the following
parameter.

_92 )
— <\/£T1,F+ sz,F) if ¥ E‘Fllu (111)

Frs 1 )
()l i FeFp.

For any F' € Fj, we define the L2-projection I1% : L?(F) — P°(F) by

/ (% — @)ds =0 Vo € L*(F).
F

We then define the following norms for any v € H*(T}).

2
‘U‘wop = <|’U|%Il(']1‘h) + |U|?wop)

with the jump seminorm

|v]jwop = ( Z “F”Hg‘[[v]]”%%}?))

FeF,

Nl



WOPSIP methods on anisotropic meshes for the Poisson equation 5

and £p defined as in (1.10);

Nl

|v|”‘d9 = (|v|%{1(Th) + |’U|?rdg)

with

N|=

vljrag = < Z “F*”H%[[U]]H%Z(F))

FeFy

and kg, defined as in (1.11). For any v € H'(T}), |v]jrdg < |v|jwop for b < 1.
The norm | - |yop is used for analysis of the WOPSIP method, while the norm
| - |rag is used for analysis of the RSIP method and the discrete Poincaré
inequality (Lemma 6).

Furthermore, for any k € Ny, let P*(T") and P*(F) be spaces of polynomials
with degree at most £ in 7" and F', respectively.

1.4 Edge characterisation on a simplex, a geometric parameter, and a
condition

We impose edge characterisation on a simplex to analyse anisotropic error
estimates.

1.4.1 Reference elements

We now define the reference elements T C RY.

Two-dimensional case

Let T C R? be a reference triangle with vertices p; := 0,007, py := (1,0)T,
and ps = (0,1)7.

Three-dimensional case

In the three-dimensional case, we consider the following two cases: (i) and (ii);
see Condition 2.
Let T7 and T5 be reference tetrahedra with the following vertices:

~)

(i) Ty has vertices p; := (0,0,0)T, py := (1,0,0)T, p3 := (0,1,0)T, and py :=
(0,0,1)T;

(ii) Ty has vertices p; = (0,0,0)T, po := (1,0,0)T, p3 := (1,1,0)T, and
ﬁ4 = (0,0, l)T

=

Therefore, we set T € {ﬁ,fg}. Note that the case (i) is called the regular
vertex property, see [2].
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1.4.2 Affine mappings

We introduced a new strategy proposed in [39, Section 2] to use anisotropic
mesh partitions. We construct two affine simplex 7' C R?, we construct two
affine mappings @7 : T — T and &7 : T — T. First, we define the affine

mapping Pz : T—T as
G7:T 30 & :=0x%) = Azi €T, (1.12)

where Az € R4%4 is an invertible matrix. Section 1.4.3 provides the details.
We then define the affine mapping @ : T' — T as follows:

Gp:T 3% x:=Pp(F) = ArZ +br € T, (1.13)

where by € R? is a vector and Ay € O(d) is the rotation and mirror imaging
matrix. Section 1.4.4 provides the details. We define the affine mapping @ :
T —1T as

@::@Toéﬁf:f9i|—>x:243(3%):(@To'ﬁf)(i):Ai‘—&—bTeT,
where A := ArAz € R4xd,

1.4.3 Construct mapping Pz : TT

We consider affine mapping (1.12). We define the matrix Az € R?*? as follows:
We first define the diagonal matrix as

~

A :=diag(hy,...,hq), h; € Ry Vi, (1.14)

where R denotes the set of positive real numbers.
For d = 2, we define the regular matrix A € R?*? as:

A= (é ‘:) , (1.15)

s2+t2=1, t>0.

with parameters

For reference element f, let 2 be a family of triangles.
T =&5(T) = Ax(T), Az:=AA
with vertices p; := (0,0)7, o := (h1,0)T, and p3 := (has, hot)?. Then, hy =
[p1 — P2 >0 and hy = [p1 — P3| > 0. o
For d = 3, we define the regular matrices A;, Ay € R3*3 ag
1 51 S91 1 —s1 891

Zl = 0 tl S22 ], 1?12 = 0 tl $9292 (116)
00 tg 00 t2
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with parameters

S%—f—t%:l, s1>0, t1 >0, hasy §h1/2,
s3, + 82, +1t3 =1, to>0, hzse < hy/2.

Therefore, we set Ae {gl,ﬁg}. For the reference elements ﬁ, 1 =1,2, let
‘553) and i = 1,2 be a family of tetrahedra.

T, =07 (T) = A7 (T)), Az =AA, i=12,
with vertices
p1:=(0,0,0)T, Py := (h1,0,0)T, pg:= (hssor, hasao, hata)T,

P3 = (hasy, hat1,0)T  for case (i),
p3 = (h1 — has1, hat1,0)T  for case (ii).

Subsequently, hy = [p1 — p2| >0, hg = [p1 — Pa| >0, and

hy — |p1 — P3| >0 for case (i),
’ |[p2 — P3| >0 for case (ii).

1.4.4 Construct mapping @ : T—T

We determine the affine mapping (1.13) as follows: Let T' € T}, have vertices
pi (i=1,...,d+1). Let by € R? be the vector and Ar € O(d) be the rotation
and mirror imaging matrix such that

pi = 7(pi) = Arpi +br, i€ {l,...,d+1},
where the vertices p; (i = 1,...,d + 1) satisfy the following conditions:

Condition 1 (Case in which d = 2) Let T € T}, with the vertices p; (i =
1,...,3). We assume that pap3 is the longest edge of T'; i.e., hy := |py — p3|.
We set hy = |p1 — p2| and hy = |p1 — p3|. We then assume that ha < hy. Note
that hl ~ ]’LT.

Condition 2 (Case in which d = 3) Let T € T}, with the vertices p; (i =
1,...,4). Let L; (1 <4i<6) be the edges of T. We denote by Ly, the edge of
T with the minimum length; i.e., |Lmin| = mini<;<e |Li|. We set ho := | Liin|
and assume that

the endpoints of Ly are either {p1,p3} or {p2,p3}.

Among the four edges that share an endpoint with Lyin, we take the longest
edge L&ln;l). Let p1 and ps be the endpoints of edge Lff;l,?). We thus have that

hi = |L(min)| = |P1 *p2|~

max

(min)

We consider cutting R® with the plane that contains the midpoint of edge Lax
and is perpendicular to the vector py — pa. Thus, we have two cases:
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(Type i) p3 and py belong to the same half-space;
(Type ii) p3 and py belong to different half-spaces.

In each case, we set

(Type i) p1 and ps as the endpoints of Lin, that is, ha = |p1 — p3l;

(Type i) pa and ps as the endpoints of L, that is, ha = |p2 — ps3|.

Finally, we set hy = |p1 — pa|. Note that we implicitly assume that py and py
belong to the same half-space. In addition, note that hy = hr.

1.5 Additional notation and assumption

We define vectors r, € R?, n =1,...,d as follows. If d = 2,
P2 —p1 Y % !

T i= ) 2 = ;
Ip2 — p1l Ips — p1l
and if d = 3,
ro 1= M, for case (i),
L P2 — D1 L P4 — D1 |p37p1|
Y el T pamp| ps — D2
lp2 — p1 lpa — p1 r9 1= ———=  for case (ii).
Ips — pa|
For a sufficiently smooth function ¢ and vector function v := (vy,...,v4)7,
we define the directional derivative as, for i € {1,...,d},
d
d¢ d¢
Zo—l 0
v vy Ovg r (s - V) (ri - V. )oa)”
— = ey =((r; - V1o (150 vg)'.
a’f‘i (97"1‘7 0ri 7 z )Vl i z)Vd
For a multi-index 8 = (B1,...,34) € N&, we use the notation
B B
Oz ...8$'gd " ory* ...8r5d

Note that 9%¢ # d%¢.
We proposed a geometric parameter Hr in a prior work [36].

Definition 1 The parameter Hy is defined as
H4—1 hi
HT = thﬂ.
Tl

We introduce the geometric condition proposed in [36], which is equivalent to
the maximum-angle condition [38].

Assumption 1 A family of meshes {Tp} has a semi-regular property if there
exists vo >0 such that

H
TTT <7 VT, €{Ty}, VT €Th. (1.17)
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1.6 Piola transformations
The Piola transformation ¥ : L*(T)% — L*(T)? is defined as

v LNT)* = LY(T)?
1

0= o(r) = W(0)(z) = det(A)

Ad(#).

1.7 Finite element spaces and anisotropic interpolation error estimates
1.7.1 Finite element spaces
For s € Ny, we define a discontinuous finite element space as

P, = {ph € L2(Q); pulro® € P(T) VT e ’Eh}.

Let Ne be the number of elements included in the mesh T;. Thus, we write
T, = {TJ }é\[:el

Let the points {Pr; 1,..., Pr; 441} be the vertices of the simplex T; € T}
for j € {1,..., Ne}. Let Fr, ; be the face of T opposite Pr, ; fori € {1,...,d+
1}. We set P := P!, and take a set X, = {X%ﬁ}lgigd_}rl of linear forms with
its components such that for any p € P*.

1
X$E (p) == 7/ pds Vie{l,...,d+1}. (1.18)
> \Fryila—1 Jpy

ot

For each j € {1,..., Ne}, the triple {Tj,IP’l,ETj} is a finite element. Using

the barycentric coordinates {)\Tj,i}fill : RY — R on the reference element,

the nodal basis functions associated with the degrees of freedom by (1.18) are
defined as

e :d(é Arj,i(x)> Vie{l,...,d+1}. (1.19)

For j € {1,...,Ne} and i € {1,...,d + 1}, we define the function ¢;;, as
0$E (2), x €Ty
iy () = J 1.20
816 (@) {O, i (1.20)
We define a discontinuous finite element space as
Ne d+1
Vil = chj(i)¢j(i)§ ¢ty €R, Vi, j 3 C Py, (1.21)

j=1i=1

with a norm “Phlvﬁﬁ = |n|n for any ¢ € Vd(iﬁ
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For T; € Ty, j € {1,..., Ne}, we define the local RT polynomial space as
follows.

RT(T;) := PY(T))* + 2P(T;), 2 €R% (1.22)

For p € RTY(T}), the local degrees of freedom are defined as

X7i(p) ;:/ penrds Vie{l,...,d+1}, (1.23)
: .

.

J

where ng, ; is a fixed unit normal to Fr, ;. Setting ZﬁT = {X%?:i}lgigd_i_l,
the triple {Tj, RTO, E%T} a finite element. The local shape functions are

LFTj Jin Ly
d|T;

() = (x—Pr,;) Vie{l,...,d+1}, (1.24)

d

where ¢ Fr, i T; = 1 if ng, , points outwards, and —1 otherwise [24]. We define
a discontinuous RT finite element space as follows.

VEL .= {v, € LH2)Y: v (up|r,) € RTUT) VTj € Ty, j€{1,...,Ne}}.
(1.25)
1.7.2 Discontinuous space and the L?-orthogonal projection

For T; € Ty, j € {1,...,Ne}, let H%j : L*(T;) — P° be the L2-orthogonal
projection defined as

1
o= —/ odr Vo € L*(Ty).
! |Tla Jr,

The following theorem gives an anisotropic error estimate of the projection
o,
J

Theorem 1 For any ¢ € Hl(f) with ¢ == pod~1,

d
d¢
T3, = @lliaery) < e hill 5 : (1.26)
i=1 tHL2(Ty)
Proof A proof is found in [34, Theorem 2] and [35, Theorem 2]. O

We also define the global interpolation H,? to the space ch,h as

(H2<P)|TJ = H%J (()0|Tj) vTJ € wa .] € {17 .. ~5Ne}7 V(p € L2(“Q)



WOPSIP methods on anisotropic meshes for the Poisson equation 11

1.7.8 Discontinuous CR finite element interpolation operator

For T; € Ty, j € {1,...,Ne}, let ICR H(T;) — P'(T}) be the CR interpo-
lation operator such that for any ¢ E HY(Ty),

d+1
1
IFR : HY(Ty) 3 o = IE e —Z( /F gods) 05" € PH(T)).
T 1

|Fr; ila—1
We then present estimates of the anisotropic CR interpolation error.

Theorem 2 For j € {1,...,Ne},

0 w Yo € H*(Ty), (1.27)

L2(1;)
15 0 = @llzaery) < e Z W07l oy Ve € HA(T)). (1.28)

le|=2

Proof The proof of (1.27) is found in [34, Theorem 3] and [35, Theorem 3].
Let ¢ € H*(T}) for j € {1,..., Ne}. Using the scaling argument yields

1170 — @l ) < th

16 e — llzry < el det(A)|2 11€7¢ = @l o - (1.29)
For any /) € P!, we have that
||quR%5 - ¢||L2(:T“) < ngR( )||L2 + 11— <PHL2(T (1.30)

because I£"7) = 7. Using the trace inequality on the reference element,

IEE (@ = D 27y < €lld = ll g (7 (1.31)
Based on (1.29), (1.30) and (1.31), we have that
FI A
17,0 — llz2(r) < el det(A)|= inf [|§ — il 1 7. (1.32)
nept

From the Bramble-Hilbert lemma (refer to [18, Lemma 4.3.8]), 75 € P! exists
such that for any ¢ € H*(T),

|§5_77B|Hs(f) < CBH(T)|¢|H2@)» s=0,1 (1.33)

Using the inequality in [39, Lemma 6] with m = 0, we can estimate inequality
(1.33) as

(Bl g2y < el det(A) 72 D" b7 105l ey (1.34)

le|=2
Using (1.32), (1.33) and (1.34), we can deduce the target inequality (1.28). O

We define a global interpolation operator If'% : H'(2) — V{1 as

(IF "), = 157 (elr,), G €{l,...,Ne}, Ve H' (). (1.35)
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1.7.4 Discontinuous RT finite element interpolation operator

For Tj € Th, j € {1,...,Ne}, let Zf" : H'(T;)* — RT’(T}) be the RT
interpolation operator such that for any v € H(T})?,

Jh

5ot

d+1
i H(T) 50 IiTv =) (

=1

v - nT7,1d8> 07}%’1; S RTO(TJ)
(1.36)

The following two theorems are divided into the element of (Type i) or the
element of (Type ii) in Section 1.4 when d = 3.

Theorem 3 Let T be the element with Conditions 1 or 2 and satisfy (Type 1)
in Section 1.4 when d = 3. For any © € HY(T)? with v = (vy,...,vq)T = Wb
and j € {1,...,Ne},

Hp, & ov
HI%T’U — ’U”LQ(Tj)d S C (hTJ th Harl

ioi=1 L2(T;)*

+ th || diV’U||L2(Tj)> .
(1.37)
Proof A proof is provided in [33, Theorem 2]. O

Theorem 4 Let d = 3. Let T} be an element with Condition 2 that satisfies
(Type ii) in Section 1.4. For © € HY(T)* with v = (vi,ve,v3)T := Wi and
jeA{l,...,Ne},

Hrp.
||I%TU — U||L2(Tj)3 < CTT] <th |U|H1(Tj)3> . (1.38)
ki
Proof A proof is provided in [33, Theorem 3]. O

We define a global interpolation operator Z/*T : H(£2)¢ — Vdﬁ?,; by

(T )|, =I5 (vlz,), j€{1,...,Ne}, Vve H'(2)" (1.39)

1.8 Relation between the RT interpolation and the L2-projection

Between the RT interpolation Z*T and the L2-projection II)), the following
relation holds.

Lemma 2 For j € {1,...,Ne},
div(Z§ v) = Mg (dive) Vo e H'(Tj)". (1.40)
By combining (1.40), for any v € H'(£2)?
div(ZfTv) = I} (divv). (1.41)

Proof A proof is provided in [24, Lemma 16.2]. O
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1.9 Existing results
1.9.1 Important tools

The following relation plays an important role in the discontinuous Galerkin
finite element analysis on anisotropic meshes.

Lemma 3 For any w € H*(2)% and 1y, € Pdlc,hf

/ (ZF"w - Vipipy + div I wipy,) da
(93

= % [ whor memileds + Y [ @one) s, (142

FeFi FeFy
Proof A proof is provided in [34, Lemma 3]. O
The right-hand terms in (1.42) are estimated as follows.

Lemma 4 For any w € H'(2)* and ¢y, € P},

> [ s neitilinleds

FeF}
3 1 1
< cltnlswap (Allwl 2oy + B2l o gpal vl o ) (1.43)
> [ weneipins
rerp

3 1 1
< c|¢h|jw0p (hHw”H(Q)d + hz ||w‘|z2(g)d|w‘i[1(g)d) . (1.44)

Proof A proof is provided in [34, Lemma 4]. O

Lemma 5 Let h < 1. Thus, for any w € H'(2)* and ¢y, € P},

S [ b netflonleds| < clinbaglolimo (149
; JF
FeF;
> [ wene)mpinds| < clinbagllulpo.  (140)
o JF
FeF?

Proof A proof is provided in [34, Lemma 4]. O
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1.9.2 Discrete Poincaré inequality

The following lemma provides a discrete Poincaré inequality. For simplicity,
we assume that {2 is convex.

Lemma 6 (Discrete Poincaré inequality) Assume that {2 is convex. Let
{Tr} be a family of meshes with the semi-reqular property (Assumption 1)
and h < 1. Then, there exists a positive constant Cfc independent of h but
dependent on the maximum angle such that

[¥nllczy < Cialtnlrag  Vibn € Py (1.47)
Proof A proof is provided in [34, Lemma 6]. O

Remark 1 For any f € L*(2), we set {}, Pdlc,h — R such that

(n) = [ finds on € Py (1.49)
0
The Hélder’s and the discrete Poincaré inequalities yield

[0 (Wn)| < CLllflL2(2) | ¥nlrag  Vibn € Py,

if 2 is convex. We are interested in case that {2 is not convex to prove stability
estimates of schemes. In [14], the discrete Poincaré inequalities for piecewise
H' functions are proposed. However, the inverse, trace inequalities and the
local quasi-uniformity for meshes under the shape-reqular condition are used
for the proof. Therefore, careful consideration of the results used in [14] may
be necessary to remove the assumption that {2 is convex.

2 WOPSIP method for the Poisson equation

This section presents an analysis of the WOPSIP method for the Poisson
equations on anisotropic meshes. In [35], we presented the error estimate in
the energy norm | - |0 in Section 1.3 for the Stokes equation. We review the
energy norm eror estimate and here is a new introduction to an error estimate
in the L? norm.

2.1 WOPSIP method

We consider the WOPSIP method for the Poisson equation (1.1) as follows.
We aim to find u,” € V,Z such that

wop

ayp, (uq}fopﬂph) = Eh(@h) V@h € VdC;IZ’ (21)
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where ¢, : VI — R is defined in (1.48). Here, a;," : (VK + Hg(£2)) x
(Vd(g,],f + H}(£2)) is defined as

ay’? (v, w) ::/thv.vhwdx—l— Z HF/FH%[[U]]H%[[w]]dS
FeFy

for all (v,w) € (Vdgﬁ + H(2)) x (Vdc(;ﬁ' + H}(92)). Recall that the parameter
kp is defined in (1.10). Using the Hélder’s inequality, we obtain

a2 (0,03)] < eloluoplwnluoy Vo € VI + HUQ), Yun, € VR, (2.2)

As stated in Remark 1, we impose that (2 is convex to obtain a stability
estimate of the WOPSIP sheme. The stability estimate without convexity of
the domain is still an open question.

2.2 Energy norm error estimate

The starting point for error analysis is the Second Strang Lemma, e.g. see [23,
Lemma 2.25].

Lemma 7 We assume that 2 is conver. Let u € H(82) be the solution of
(1.2) and uy, " € VR be the solution of (2.1). It then holds that

|u — uZ’Op\wop < infCR [w — vh|wop + En(u), (2.3)
”hevdc,h,
where
Ep(u) := sup 2, (4 wn) = £ ()| (2.4)
whEVdC;ﬁ |wh|wop

Proof Let vy, € Vdgﬁ. It holds that

‘Uh - uzjop‘?uop = a';LUOp(Uh - u;llfop, Uh — u;l:op)
wop

=a;, P (vp, —u,vp —up,?) + a), " (u, v — uy, )

) = Cn(vn — ;)
< clu = vnlwoplvn — up, " lwop + [y, (uw, vn — w, ) — Lr(vn — uy P),

which leads to

g, (u, v = uy ") = Ly (v, — uy )|

[on = 13, |uwop

o = 13 lwop <l = Unluwop +
< clu — vp|wop + En(u).
Then,
u =y P lwop < [t = Valwop + [vh — 1, lwop < €t — Vhlwop + En(u).

Hence, the target inequality (2.3) holds. O
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Lemma 8 (Best approximation) We assume that §2 is conver. Let u €
V. := H}(2) N H%(£2) be the solution of (1.2). Then,

d
inf R |u_vh|wop <c (Z Z ht2

C
vh€Vi i=1 T€eTy,

0
8ri

A%}

1
2 2
. (2.5)
LZ(T)d
Proof Let v € H}(§2). From [35, Theorem 7],
IR LI o) = v]l[72 () = 0. (2.6)
Therefore, using (1.27) and (1.44), we obtain

. CR _ 1, _ jCR
vhér‘l/iiﬁ [u = vnlwop < |u— Iy “ttlwop = [t — I ul g (ry,) (2.7)
1
d P 2 2
2
sc<z >z 2w ) ,
i=1 T€eTy, L2(T)
which is the target inequality (2.5). O

The essential part for error estimates is the consistency error term (2.4).

Lemma 9 (Asymptotic Consistency) We assume that 2 is convez. Let
u € Vi := H}(2) N H%(2) be the solution of (1.2). Let {Tx} be a family of
conformal meshes with the semi-regular property (Assumption 1). Let T € T},
be the element with Conditions 1 or 2 and satisfy (Type i) in Section 1.4 when
d = 3. Then,

1
d 2 2
0
En(u) <c h? Vu + h||Au
= <2T§ Or: L2<T>d> Sl
= h
3 1 1
+e (h|u|H1(Q) +h} |u\;_p(m||Au||;2(m) . (2.8)

Furthermore, let d = 3 and let T € Ty, be the element with Condition 2 and
satisfy (Type i) in Section 1.4. It then holds that
By () < chl|Aullpao + ¢ (hlulo) + b3 ulf o) | Aull o)) - (29)
Proof We first have
div Z}"'Vu = IT) div Vu = II) Au.
Let wy, € Vdccﬁ. Setting w := Vu in (1.42) yields

ay ™ (u, wp) — Ly (wn)

= / (Vu — IfffTVu) - Vywpdx + / (Au - H,?Au) wpdx
0] 10

+ Z /{{Vu}}w,p-npﬂg[[wh]]pds—l— Z /(Vu-np)ﬂgwhds
FeF} F FeFp F

2511+12+13+I4.
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Let T € T}, be the element with Conditions 1 or 2 and satisfy (Type i) in
Section 1.4 when d = 3. Using the Holder’s inequality, the Cauchy—Schwarz
inequality and the RT interpolation error (1.37), the term I; is estimated as

L] < e Y IVu— TVl ooy lwnl i )

TeTy
4 d
<o & (Sufarmel.,,, i) b
TeT, \i=1 )

2

1

8 2

78 Vu ) +h||Au||L2(Q) |wh|w0p.
T L2(T)4

< (L x

i=1 T€T,

Using the Holder’s inequality, the Cauchy—Schwarz inequality, the stability of
IT? and the estimate (1.26), the term Iy is estimated as

|lo] =

/ (Au — H,?Au) (wh — H,?wh) dr
o}

IN

> 1 Au = T} Aul| 2y |lwn, — Iwnl| 27
TeTh

S ch||Au||L2(Q)|wh|wop.

The triangle inequality, (1.43) and (1.44), the terms Is and I, are estimated
as

3 1 1
[13] < C|wh‘jw0p <h||vu||L2(Q)d +hz2 ||Vu||22(md|Vu|12{1(md>
3 1 1
< C|wh‘w0p h|u|H1(Q) +hz |u|]2—]1({2)HAuH[2,2(Q) s
3 1 1
‘I4| < Clwh‘uwp h|u|H1(Q) +hz |u|12{1(9)HAqu2(Q) .

Gathering the above inequalities yields the target inequality (2.8).

Let d = 3 and let T € T}, be the element with Condition 2 and satisfy
(Type ii) in Section 1.4. Using the Holder’s inequality, the Cauchy—Schwarz
inequality and the RT interpolation error (1.38), the terms I is estimated as

|Il| < Ch|u|H2(Q)‘wh|wop7
which implies the target inequality (2.9) with (1.3). O

From Lemmata 7, 8 and 9, we have the following energy norm error esti-
mate.
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Theorem 5 We assume that (2 is convex. Let u € V, be the solution of (1.2).
Let {Tx} be a family of conformal meshes with the semi-reqular property (As-
sumption 1). Let T € Ty, be the element with Conditions 1 or 2 and satisfy
(Type i) in Section 1.4 when d = 3. Let uy®” € V2! be the solution of (2.1).
Then,

1
d 2 2
0
|t — U op < (Z > n 5,V ) + h|Aul| 2 (o)
i=1 TETy, Ti L2(T)4
1 1
+e (h|u|H1(Q) n h%|u|;_p(m||Au||32(m) . (2.10)

Furthermore, let d = 3 and let T € T}y, be the element with Condition 2 and
satisfy (Type i) in Section 1.4. It then holds that

wo 3 1 1
lu — Up, p|wop < Ch||Au||L2(Q) +c (h|U|H1(Q) +hz |U|§11(Q)”AUHZ2(Q)) .
(2.11)

2.3 L? norm error estimate
This section presents the L? error estimate of the WOPSIP method.

Theorem 6 We assume that (2 is convex. Let u € Vi be the solution of (1.2).
Let {Ty} be a family of conformal meshes with the semi-regular property (As-
sumption 1). Let T € T}, be the element with Conditions 1 or 2 and satisfy
(Type i) in Section 1.4 when d = 3. Let uy" € VI be the solution of (2.1).
Then,

1
d 2 2
lu =y, || 12(2) < ch <Z > 864Vu ) + h|Aullp2(0)
i=1 TET, Ti L2(T)4
3 1 1
+ch (h|u|H1(Q) + R fulF g ||Au||22(9)> . (2.12)

Furthermore, let d = 3 and let T € Ty, be the element with Condition 2 and
satisfy (Type ii) in Section 1.4. It then holds that

lu—up || r2(0) < ch®||Aull 2o

3 1 1
+ch (h|u\H1(m + B \u|;,1m)\|Au||;2(m) L (213)

Proof We set e :=u —u;, ". Let z € V, satisfy

a(p,z) = /ngedx Yo € Hy(02), (2.14)
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and z, € VI satisfy

ap P (n, 2, ") = /Q predr Yo € Vd(iﬁ. (2.15)

Note that |Z|H1(.Q) < C||e||L2(Q) and ‘Z|H2(Q) < ||e||L2(Q). Then,

lel22(a) = /Qw —uPP)edz = a(u, z) — af P (up, 2)

__wop wop wop wop wop _wop wop [ wop wop
=a, P(u—u, " z—2,7)+a,(u—u,™ 2" +a, " (u,”" z—2,7)

= o, )
= IE) a1
A IRz ) 4 oI s 2 )
=Ji+ o+ J3+Js+ J5.

From Theorems 2 and 5, we have

|z — 2 lwop < chlle| L2(), (2.16a)
|Z*IERZ|H1(T}L) § chHeHLz(Q), (216b)
Iz — I}?RZHLZ(Q) < Ch2||€||L2(Q). (2.16¢)

Let T' € T}, be the element with Conditions 1 or 2 and satisfy (Type i) in
Section 1.4 when d = 3.
Using (2.10) and (2.16a), J; can be estimated as

|J1] < efu— uiffop‘w0p|z - Z;zuop|w0p

d

< chllellrz(o) (Z R

i=1 T€T,

2

0 Vu
Ori = Mraer)

1
2
) + hl|Aul| L2 (o)
d

3 1 1
+ chlle]|r2(0) (h\U|H1(n) +h? |U|§1(9)||A“||i2(9)) :
Using (2.7), (2.10), (2.16a) and (2.16b), J; can be estimated as

|J2| < c{\u - uzjop|wop (‘Z}lfop - Z|wop + ]z — Ii?RZ|wop)}

d

< chllel| 2o (Z Z hy

i=1TeTy

0
87“1‘ Vu

2 2
> + hl|Au||2(0)
LQ(T)d

3 1 1
+ chlle]l 22 (h\u|H1(Q) + |u|131(m||Au||gz(m) .

By an analogous argument,

d
|Ja| < chlle| 2o (Z > n

i=1 T€T,

2

0
ar Vu

1
2
) + hl|Aul| L2 (o)

L2 (T)d

3 1 1
+ chllell oy (Bluli o) + b3 ulf o) | Aull o) ) -
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Using the same argument with (1.42) with w := Vu and I%[(I¢%2) — 2] = 0,
/ (ZF'Vu- vy, 53 z—z)—i—H,?Au(I,?Rz—z))dx:O.
2

Thus,

:/Vu~Vh(Ih z—zdm+/Ath z—z)dx
2

= / (Vu —ZFTVu) - Vi (IF Rz — 2)dx + / (Au — TP Au)(IER 2 — 2)da.
2 7

Using (1.37), (2.16b), (2.16¢) and the stanility of the L?-projection yields

d

|J5] < chlle]|L2(n) (Z Z h?

=1 TeTy,

2

0

or; Vu

1
2
) + h||Au|| L2 (o)

L2(T)d

+ ch®|lel| 22yl Aull L2 (0

By an analogous argument,

|J5] =

(Vz —IFTV2) - Vi (IF By — w)dx + / (Az — I} AZ) (IS By — u)dx
9]

Vu

< chlellr2(a) (Z Z hi

i=1TeTy,

2
X > + ch®|lel| p2()|| Aull L2 (0).-
i L2y

Gathering the above inequalities yields the target inequality (2.12).

Let d = 3 and let T € T}, be the element with Condition 2 and satisfy
(Type ii) in Section 1.4.

We use (2.11) instead of (2.10), and (1.38) instead of (1.37) for estimates
of J1 — J5:

1| < ch? el e | Aulla o + chllel ey (Blulm o) + B lulj o)1 A0l g )

[ < ch? el paa) | Aullaoy + chllel ey (Blulm ) + b lulj o)1 Aul g )

| T3] < ch?|le]l 2o | Aull L2 (o),
3 1 1

4] < ch?lell 2ol Aull 2oy + chllelzzqay (Rluli o) + R ul i o) 1 A0l 7))

| J5| < ch®|lell 2o | Aull r2(0).-

Gathering the above inequalities yields the target inequality (2.13). O
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3 Remarks on SIP methods

This section gives remaks on SIP and RSIP methods for the Poisson equations
without imposing the shape-regular condition for mesh partitions. We define
the calassical discontinuous P! finite element space as

Vien ={on € L*(2) : vp|r € PX(T) VT € Ty},
lec,h,* =Vi+ lec,hv

The SIP and RSIP methods is to find uEL S lec’h such that

al (Ul on) = bulpn) Veon € Ve (3.1)

where £y, : Py, — R is defined in (1.48) and § € {sip,rsip}. Here, a}” :
Ve X Vi and @™ Vg, x Vi, are defined as

azip(v’wh) ;:/ Vv - Vywpde + Z ’YSip’fF*/[[UMwh]]dS
0 F

FeFn

- % [ @viode nrlund + RIETwnd ne) ds

FeFy

a;Sip(v,wh) ;:/thv-vhwhda?-l- Z ’YrsipHF*/FH%[[U]]H%[[wh]]dS
FeFp

= /F (V00 Mo - nelen] + [ Hun o - nr) ds

FeFy

for all (v,wp) € V)., . x V.l ;. The penalty parameters 77 and "¢ are large
enough. One generéﬂy estabilish consistency, boundedness for bilinear forms,
and discrete coercivity to obtain a convergence analysis for the SIP and RSIP
methods, e.g. see [46, Chapter 4]. However, we may not get an optimal order
of error estimates for the consistenct term,

Z /{{th}}w -nplwp]ds  Y(v,wp) € lec,h,* X lec,h'
F

FeFy

Suppose that F € F} with F = T1NTy, Ty, T> € Tj,. Using the trace (Lemma 1)
and the Holder inequalities, the weighted average gives the following estimate
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for the term [ {Vav}}e - nplws]ds.

\ [ 4 nrlunlds

1 1 1 2
< { (170, D2 ryys + B3, 10, 1 gy ya 90173 sy )

1
2

1 1 1 2
+ (V0 L2 cryye + 13, 19012, 12 gy o (7017 s ) }

x (Wi plr,r '+ wh, plryr ') [[wallle e, (3.2)

where wr, p and wr, p are defined in (1.8), and ¢p, p and ¢, p are defined
in the inequality (1.5). Let I% : C(T) — PY(T) for any T € T} be the usual
Lagrange interpolation opertor, and let u € V, the exact solution of (1.1). We
set v := u— I5u. When d = 3, due to [39, Corolllary 1], ubder the semi-regular
condition (1.17),

ou
ar;

HUT)

|’LL — ITU‘Hl(T) < CZh

which leads to

1 1
IV (u — )| 2 ys + B3IV (u I%u)IIEQ(T)BIV(u — I£u)| Fi oy
<th —&—chz Zh |u\i2(T)

HY(T)

2
1
) |ul fr2 ) < chrlulg2(r)
HY(T)

Nl

87"Z

< chi <Zh

Therefore, even if anisotropic meshes are used, the computational efficiency
may not increase much for the SIP method.

In case the RSIP method, the estimate on consistency term is more com-
plicated. For all (v, ws) € V., , X Vi,

HY(T) 87’%

87“1

/ (Voo - nplwnlds
F

= / {{th}}w -nFH%[[wh]]ds + / {{Vh’l)}}w “np (ﬂwh]] - H%[[wh]]) ds
! ! (3.3)

The first term of the R.H.S in (3.3) can be estimated as (3.2), where the CR
interpolation operator Iqq R is used instead of I%. Therefore, even if anisotropic
meshes are used, the computational efficiency for the RSIP method also may
not increase much. In an estimate of the secoond term of the R.H.S in (3.3),
we use scaling argument on anisotropic meshes, c.f. [37, Lemma 4].
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4 Numerical experiments

Under construction.
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